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Introduction
Tensegrities are pin-jointed space trusses comprising cable-type structural members (tendons), tensioned against bar-type structural members (Hanaor, 1994) . These structures find interesting and powerful applications in civil, mechanical, aeronautical and aerospace engineering, allowing to realize, for instance, domes, robots, deployable structures, and adaptable mechanisms (Moored and Bart-Smith, 2006; Rovira and Tur, 2009; Safaei et al., 2013; von Krüger et al., 2008) . As a matter of fact, tensegrity concept perfectly matches the notion of smart structure, since structural members defining a tensegrity network may be designed in order to simultaneously fulfill specific requirements of strengthening, sensing, actuation and control (Sultan and Skelton, 2004; Sultan, 2009) . For instance, the stiffness of a given tensegrity structure can be tuned by arranging the mutual geometrical configuration of structural members and/or by varying their pre-stress state (Guest, 2006; Guest, 2011; Juan and Tur, 2008; Zhang et al., 2010) . In particular, pre-stress setting can be conveniently realized in agreement with a specific functional requirement by means of smart actuators based on shape-memory alloys, piezoelectric materials, or clustered elements (Carlson et al., 1999; Grant and Hayward, 1997; Moored and Bart-Smith, 2009 ). Moreover, the rationale underlying tensegrity systems may be useful for describing the complex and smart behavior of living biological cells (Ingber, 2006; , whose in-vivo response depends on the mechanics of microtubules (namely, bar-type macromolecules) and actin (namely, cable-type proteins).
The mechanics of tensegrities is highly affected by the unilateral response of cables, that restrict the kinematic and static admissible behavior of the structure by means of inequalities (Williams, 2007) . To date, both kinematic and static analyses of tensegrities are based on the fundamental results obtained by the mathematicians Roth and Whiteley (1981) through arguments of geometric topology. Basic tensegrity properties (such as rigidity, pre-stressability and kinematic-static duality) are also recovered employing energy-based formulations (Connelly, 1982) , and recently by means of a variational constrained approach (Maceri et al., 2011 (Maceri et al., , 2013 Marino, 2013) based on convex analysis (Moreau, 2003) . Starting from the above-mentioned properties, research has been mainly devoted to the development of algorithmic procedures for form-finding methods (Masic et al., 2005; Micheletti and Williams, 2007; Zhang and Ohsaki, 2006) , to the assessment of stability properties (Micheletti, 2013; Zhang et al., 2012; Zhang et al., 2013) , and to the determination of structural response to loads (Rhode-Barbarigos et al., 2010; . However, existing approaches are usually applied to tensegrity schemes with a highly symmetric arrangement, and their operative application for structures with general shape and connectivity is generally though.
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Algebra of cable-related unilateral constraints coupled with bar-related bilateral restrictions is often not explicitly addressed. In fact, the characterization of basic kinematic and static tensegrities' properties is not straight related to algebraic compatibility and equilibrium relationships, but is abstractly derived from geometric topology concepts and the theory of graphs. As a consequence, general operative algebraic criteria for rigidity and pre-stressability assessment are missing. Moreover, to determine member forces in structure for an assigned admissible pre-stress state, available approaches usually treat tensegrities as equivalent bilateral structures (Pellegrino and Calladine, 1986; Guest, 2006; Juan and Tur, 2008) . As a consequence, member forces are computed from the vector base of the null space of the equilibrium matrix, verifying the unilateral admissibility through a-posteriori analyses. Since the latter may be unfeasible in general cases, a procedure that ensures the a-priori fulfillment of unilateral restrictions would be really useful in design applications, also for characterizing stability properties and structural response.
In practical applications and in order to fulfill smartness requirements, significant differences in stiffness values of some structural members may occur, leading to possible ill-conditioned structural stiffness matrices (even ruling out rigid-body motions). Accordingly, it can be convenient to model such structures by considering both ideal (that is, behaving as rigid for bars and rigid-intension for cables) and non-ideal (that is, behaving as deformable when carrying thrust) elements (Maceri et al., 2013; Marino, 2013) .
In present paper, kinematics and statics of tensegrities are analyzed through a novel algebraic formulation, explicitly accounting for cable-related unilateral constraints, and employing equilibrium and compatibility requirements only. After tracing some general settings (Section 2), the notion of rigidity, pre-stressability and kinematic-static duality are recovered by formulating a matrix inequality problem, instead of employing geometric topology arguments (Roth and Whiteley, 1981) . The present approach belongs to the class of algebraic formulations that have been widely employed in the field of structural engineering to analyze kinematically and statically indeterminate bilateral truss-structures, possibly representing pre-stressed tensegrities (Pellegrino and Calladine, 1986; Guest, 2006) . Moreover, new operative procedures for the assessment of kinematic and static fundamental properties are consistently traced, and pre-stressability is established by solving a quadratic minimization problem (Section 3). By means of arguments of linear matrix inequalities theory, unilateral restrictions are a-priori enforced, allowing for the straightforward computation of admissible member forces without any need of aposteriori verifications.
Furthermore, addressing structures with high differences in members' stiffness, tensegrity models comprising both ideal and non-ideal constraints (namely, mixed-type models) are analyzed, showing that in this case some non-rigid-body eigenmodes of the stiffness matrix can be associated to zero or negative eigenvalues also for stable structures. Accordingly, the assessment of stability properties and structural response of pre-stressable mixed-type tensegrity systems is not a straightforward problem and a strategy to overcome this drawback is proposed (Section 4). Starting from the theoretical results proposed by Maceri et al. (2013) , the notion of the augmented stiffness is generalized and applied to develop well-conditioned operative procedures. Finally, an operative algorithm for the analysis of the inverse response (namely, the identification of structural deformation induced by an assigned load) of pre-stressable tensegrities is introduced (Section 5). This algorithm, formulated via an incremental approach, allows to predict the large-displacement response of the structure, accounting for geometric non-linearities induced by members reorientation, possible activation of slack cables and/or possible deactivation of tensioned cables during the loading process.
Proposed approach and operative procedures are not limited by special requirements in terms of structural symmetries or member connectivity. Exemplary applications show that proposed algebraic tools allow to include stiffness-control strategies based on prestress tuning (Section 4), and/or on activation/deactivation of structural members (Section 5). Accordingly, it appears that the proposed formulation and the proposed operative procedures can be successfully employed to analyze and design tensegrity-based smart structures (Section 6) for sensing, actuating and control applications, as well as to contribute for understanding complex biological mechanoregulated mechanisms in cytoskeleton models.
General settings
A tensegrity T r can be conveniently regarded as an ordered finite collection of n p points (namely, the pin-joint nodes) in a ndimensional Euclidean space (n ¼ 2; 3), where the relative position of certain pairs of nodes is restrained by unilateral constraints (describing cables), and of other pairs by bilateral constraints (describing bars). In addition, external scalar constraints on the displacements of some nodes can be applied to prevent structure rigid-body motions, that is any affine transformation preserving distances between any pair of nodes (Zhang and Ohsaki, 2007) .
Let n e ; n b , and n u be respectively the number of the scalar external, bilateral bar-type, and unilateral non-slack cable-type constraints, and let the following sets be defined:
I e ¼ ðj; mÞ s:t: 9 external scalar constraint m on node j f g ð 1Þ
I b ¼ ði; j; kÞ s:t: 9 bar k between nodes i and j; with i < j f g ð 2Þ I u ¼ ði; j; hÞ s:t: 9 non-slack cable h between nodes f i and j; with i < jg ð3Þ
Whenever necessary, index b (respectively, u) will denote in the following quantities associated to bilateral bar-type (respectively, unilateral cable-type) constraints, and superscript t indicates transposition operator. As a notation rule and referring to a given reference state of T r , let u j be the infinitesimal displacement vector of node j and u ¼ ðu t 1 ; . . . ; u t np Þ t be the structure displacement vector; e m be the unit vector defining the axis of the mth external scalar constraint on node j (that is, ðj; mÞ 2 I e and ke m k ¼ 1); b k be the unit vector along the axis of the kth bar connecting nodes i and j (directed from i to j with ði; j; kÞ 2 I b ); c h be the unit vector along the chord-direction of the hth cable connecting nodes i and j (directed from i to j with ði; j; hÞ 2 I u ); ' r be the degrees of freedom associated to rigid-body motions of T r that can be determined regarding the tensegrity as a ndimensional single body, (Pellegrino and Calladine, 1986; Di Benedetto, 2011) .
ing to the q-dimensional real space R q , means that v k -0 (resp., v k ¼ 0) for any k 2 f1; . . . ; qg. Moreover, for any X 2 R qÂq and for any v 2 R q , relationships v 6 a and X 6 a with a 2 R have to be read component-wise. Finally, symbol k Á k denotes the Euclidean vector and matrix norm. The structure T r is assumed to be loaded only by external forces at nodes, f j being the external nodal force vector acting on node j, and f ¼ ðf t 1 ; . . . ; f t np Þ t being the structure force vector. Among possible models for T r , let T be introduced as the one wherein bars and cables are assumed to be massless and frictionless pin-jointed. Moreover, inertial and viscous effects, damage mechanisms, as well as possible buckling conditions in compressed bars are not accounted for in model T . Due to possible differences in material properties or geometric features (cross-sectional area), some structural members are modeled as non-deformable (namely, as ideal internal constraints), while others are assumed as deformable (that is, as non-ideal internal constraints). When both ideal and non-ideal constraints occur, a mixed-type tensegrity model will be here referred to (Maceri et al., 2013) .
Thereby, letÎ b # I b andÎ u # I u (with cardinalityn b andn u , respectively) be the sets identifying the non-ideal internal constraints in T , and I b ¼ I b nÎ b and I u ¼ I u nÎ u the sets collecting all constraints modeled as ideal (with cardinality n b ¼ n b Àn b and n u ¼ n u Àn u , respectively). Furthermore, external restrictions are assumed to be modeled as frictionless, ideal and bilateral constraints.
The kinematic behavior of constraints in T is described in terms of nodal displacements, and, for non-ideal members, by introducing the bar reference lengths L b k (between nodes i and j such that ði; j; kÞ 2 I b ) and the cable reference chord-lengths L u h (between nodes i and j such that ði; j; hÞ 2 I u ). Moreover, with obvious subscripts rule, the rest-length of bars and cables will be denoted by b k and c h , respectively. Since all cables defining I u are assumed to be non-slack, the inequality L u h P c h holds for any h 2 f1; . . . ; n u g. Kinematic features for ideal and non-ideal members are summarized in the left side of Table 1 .
Ideal bars constrain pairs of nodes to stay the same distance apart and ideal non-slack cables constrain pairs of nodes not to get further apart, up to a first-order approximation in nodal displacements. Ideal constraints restricts the compatible kinematics of the structure.
On the other hand, a non-ideal constitutive response allows for member extensibility along the constrained direction, with j b k and j u h being, respectively, stiffnesses of bars and cables, assumed to be constant.
As regards statics, the behavior of internal constraints is described by scalar reactions k Table 1 ).
In addition to the tensegrity model T , some auxiliary descriptions associated with T r reveal to be useful for kinematic and static analyses. Accordingly, let define: In Fig. 1 , an exemplary bi-dimensional (n ¼ 2) model T together with its auxiliary descriptions are reported. With reference to the in-plane orthonormal basis fi; jg depicted in Fig. 1 , the afore-introduced quantities describing the geometry and the connectivity of T simply result in: Mechanics of tensegrity structures is mainly related to the following basic properties:
Rigidity. Absence of compatible non-rigid-body infinitesimal nodal displacements for T id (Roth and Whiteley, 1981) .
Pre-stressability. Existence of a self-equilibrated (i.e., f ¼ 0) prestress state associated to a traction state in each non-slack cable (Roth and Whiteley, 1981) . Stability. Tensegrity model T is said to be stable if it results (Zhang and Ohsaki, 2007) u t Ku > 0 for any non-rigid-body admissible u ð4Þ
being K the tangent stiffness matrix for T , (see Section 4). It is worth pointing out that the positive-definiteness of K is a sufficient but not necessary condition for stability. When the tensegrity is stable irrespective of the choice of members stiffness and pre-stress (under the assumption of non-negative rest-length of tensioned members), it is said to be super-stable. Direct and inverse structural response. The direct response corresponds to find f inducing a given u. The inverse response corresponds to find u induced by a given f.
For the sake of clarity, it is worth highlighting that proposed definition of rigidity is equivalent to that given by Micheletti and Williams (2007) , and corresponds to the infinitesimal rigidity (or first-order rigidity) introduced by Roth and Whiteley (1981) . Moreover, present stability notion is equivalent to rigidity definition given by Roth and Whiteley (1981) .
Rigidity and pre-stressability
Since rigidity notion has been introduced by addressing an ideal behavior of all structural members, and pre-stressability concerns the static problem with null external forces (corresponding to the existence of a special kind of static indeterminacy), rigidity and pre-stressability properties do not depend on member deformability. Therefore, they are investigated addressing the ideal model T id .
Ideal compatibility problem
Kinematic restrictions enforced on T id correspond to linear equations and inequations in terms of nodal displacements: 
. . . 
where I n and 0 n denote the n Â n identity and null matrices, respectively. System (5a) collects all the compatibility relationships forT , whose compatible displacements are non-trivial if and only if rankðCÞ < n Á n p . In this case, solutions for (5a) form the subspace kerðCÞ whose dimension is
' identifying the lability degree forT . Since the case' ¼ 0 directly implies structural rigidity, such a trivial case will be not addressed in this paper.
Denote with fu 1 ; . . . ; u'g a base for kerðCÞ, where the structure displacement vector u q is the qth compatible mode forT , and is defined as the vector collecting the corresponding nodal displacements u q j (with j 2 f1; . . . ; n p g). Accordingly, a solutionũ for Eq. (5a) can be represented as:
where a ¼ ða 1 ; . . . ; a'Þ t 2 R' is the modal-components vector and
is the modal (in general, non-orthonormal) matrix. Therefore, a compatible kinematics for T id is sought for by enforcing thatũ satisfies relationship (5b), or equivalently
where G ¼ R t L uŨ is defined as the unilateral compatibility matrix.
The latter enables to evaluate if kinematics fulfilling only bilateral constraints is also compatible with all unilateral restrictions. In particular, from the algebraic definition of G, the element ½G hq of G results in Fig. 1 . Tensegrity model T and auxiliary descriptions introduced in present work. As a general notation rule, bars (resp., cables) are represented by thick (resp., thin) lines and are numbered with squared (resp., circled) boxes. Moreover, non-ideal models for structural members are colored in light gray while ideal models in dark gray.
For instance, addressing the exemplary model in Fig 3.1.1. Rigidity Rigidity is equivalent to prescribe that there does not exist an infinitesimal non-rigid-body motion satisfying system (5a).
Let the following problems be introduced:
Find u s:t:
Find a s:t: Ga 6 0 with Ga -0:
Non-trivial solutions of problem (10) represent compatible motions for the fully-bilateral structure T (and thereby, comprise possible rigid-body motions), and ' ¼ dim½kerð CÞ is the lability degree for T , resulting ' P ' r . Problem (10) can be also formulated (see Eq. (7)) as ''Findũ such that C uũ ¼ 0'', or equivalently, since Ga ¼ C uũ , as ''Find a such that Ga ¼ 0''. Since C uũ is the vector collecting the length variations of cables associated to a compatible kinematics forT , a solution of problem (10) identifies compatible motions for T id where all cables do not change their lengths with respect to the reference ones (see Eq. (8)). On the other hand, linear matrix inequation problem (11) identifies compatible motions for T id where at least one cable shortens with respect to its reference length. Such a length-variation requirement corresponds to prescribe Ga -0 (or equivalently, kC uũ k -0). It is worth pointing out that solutions for problem (11) correspond to non-rigid-body motions only. Accordingly, it is immediate to verify that there does not exist a solution satisfying both problems (10) and (11). Moreover, solution for system (5) belongs either to the solution space for problem (10) or to the one of problem (11).
As a result, the rigidity notion reduces to prescribe that:
compatible motions for T are at most rigid-body motions; there does not exist a compatible motion forT that shortens at least one cable in T .
In other words, the following algebraic definition can be stated.
Definition 3.1. T is said to be rigid if the following conditions are simultaneously satisfied: ' ¼ ' r ; ð12aÞ 9 = a s:t: Ga 6 0; with Ga -0:
ð12bÞ Standard arguments of linear algebra allow to verify condition (12a), while relationship (12b) represents a feasibility condition for linear matrix inequations.
Self-equilibrium problem
The equilibrium problem for T corresponds to a set of n Á n p linear equations in n k ¼ n e þ n b þ n u unknowns, and it consists in seeking for the reaction vector k 2 R n k that satisfies
under the admissibility condition k u P 0. In order to test tensegrity pre-stressability, consider the selfequilibrium problem (that is, the case f ¼ 0) and the auxiliary modelT acted by the structure force vectorf ¼ ÀE u k u only. For a given k u P 0, ifT is in equilibrium under the correspondingf, that is if there exists a reaction vectork forT such that
withẼ ¼C t , then there exists a self-equilibrated state for T . By applying the Principle of Virtual Work, equilibrium condition (15) is equivalent to require that f Áũ ¼ 0 8ũ 2 kerðCÞ; that is, since Eq. (7), that
Hence, due to the arbitrariness of a, equilibrium relationship (15) is equivalent to prescribe that reactions of unilateral members satisfy the following equilibrium requirement
where G t denotes the unilateral equilibrium matrix. As a result, duality between equilibrium (see Eq. (16)) and compatibility (see Eq. (8)) matrices by means of the transpose operator (which is a wellknown result in fully bilateral cases) is here proved to hold also when unilateral restrictions apply.
3.2.1. Pre-stressability Since Eq. (16), pre-stressability is equivalent to prescribe that there exists k u 2 kerðG t Þ such that k u > 0. Let us introduce the pre-stressability operator S ¼ GG t . Matrix S is symmetric and positive-semidefinite, 1 and then a structure is pre-stressable if 9 k u s:t: inf
Problem (17) Eq. (16), combined with the algebraic definition of the prestressability operator S, implies that seeking for a solution of problem (17), or equivalently of problem (18), corresponds to verify that S is singular and that there exists at least one vector of kerðSÞ belonging to ðR þ Þ nu . Thereby, the assessment of the prestressability property can be faced by the following operative criterion.
Criterion 1. Tensegrity model T is pre-stressable if and only if:
In this case, any pre-stress state is identified by k u 2 kerðSÞ \ ðR þ Þ nu .
Kinematic-static duality
Applying arguments based on the theorems of alternative for linear matrix inequations (see Appendix A), the duality between kinematic and static problems in tensegrities can be proved.
Theorem 3.1. For a given tensegrity model T , the following statements are equivalent:
1. 9 = a j Ga 6 0; with Ga -0 (that is, there do not exist compatible motions for T id where at least one cable shortens with respect to its reference length); 2. 9 k u > 0 s:t: G t k u ¼ 0 (that is, tensegrity is pre-stressable).
Proof. Relationship Ga 6 0 defines a system of n u inequalities in' unknowns:
that can be equivalently written as relationship (20) is, in turn, equivalent to prescribe that 9 z > 0 s:t:
that is the statement 2. h
Employing equilibrium and compatibility requirements, Theorem 3.1 recovers, via a novel algebraic formulation, a classical result that was already proved by Roth and Whiteley (1981) through arguments of geometric topology. Moreover, present algebraic formulation allows to identify an effective operative procedure for characterizing tensegrity structures. In fact, despite tough verification of statement 1 in practice, statement 2 is more feasible because it corresponds to a convex minimization problem (see Eq. (18)), that can be approached by means of a number of classical results and standard methods (Borwein and Lewis, 2000) . As a result, by combining Definition 3.1, Theorem 3.1 and Criterion 1, the assessment of the rigidity property can be faced by the following operative criterion.
Criterion 2. Tensegrity model T is rigid if and only if the following conditions are simultaneously verified:
Hence, a rigid tensegrity is also pre-stressable. Finally, as a further consequence of Theorem 3.1, the following remark can be drawn.
Remark 1. If T is pre-stressable then there do not exist compatible motions for T id where at least one cable shortens (see relationship (12b)). In this case, static and kinematic characterization of T reduces to the one of T . Therefore, by applying the Principle of Virtual Work on T , the equilibrium problem (13) for T admits solution if and only if
Static indeterminacy: calculus of reactions
Refer to a pre-stressable tensegrity model T , and assume that there exists solution for the equilibrium problem (13), namely assume that external forces f satisfy condition (22).
Due to Theorem 3.1 and Remark 1, the static indeterminacy of T is equal to ı ¼ dimðkerðEÞÞ, that is the solution k of the equilibrium problem for T depends on ı free parameters, non-negative when describing cable reactions. Nevertheless, if the independent parameters are chosen by referring to T only, severe issues in tensegrity analysis may occur. In fact, for an allowable choice in T of ı independent parameters, dependent reactions of some cables might not satisfy static unilateral restrictions a-priori, resulting in incompatible compressive states. In this case, in order to fulfill unilateral prescriptions in the overall structure, a-posteriori procedures should be employed, generally leading to value restrictions for independent parameters (see the illustrative example in Section 3.5). On the contrary, in order to ensure that all unilateral prescriptions are a-priori satisfied, two different sources of static indeterminacy can be conveniently distinguished. One is related to bilateral constraints (read onT ), and one to unilateral constraints. In particular, the following two hyperstaticity degrees can be introduced:
resulting ı ¼ĩ þ i u While the definition ofĩ is classical, i u (referred to as the unilateral static indeterminacy) identifies the number of cables whose reactions can be assigned as independent non-negative parameters in the equilibrium problem of T , making automatically satisfied all the static unilateral conditions. Introduce T 0 as the restriction of T obtained by removing from T a set of i u cables (S 0 being the corresponding pre-stressability operator), andT 0 as the restriction ofT obtained by removing from T a set ofĩ bars (Ẽ 0 being the corresponding equilibrium matrix).
Definition 3.3. The set C # I u of i u cables that can be simultaneously removed from T leading to
is said to be a set of eigencables for T . Note that matrix S 0 can be straight built from S by removing the i u rows and the i u columns that correspond to eigencables in C, and matrixẼ 0 results fromẼ by eliminating theĩ columns that correspond to eigenbars in B. Moreover, it is worth remarking that, for a given structure, the choices of eigencables and eigenbars are independent and generally not unique.
Let the eigenreactions vector k R 2 R n k be introduced, whose qth component k R q results from: 
For the sake of notation, let R be the eigenreactions set associated to k R , defined as: R ¼ fx 1 ; . . . ; x iu ; y 1 ; . . . ; y~ı; with x h P 0; 8 h 2 f1; . . . ; i u gg; ð26Þ
where x h and y k denote reaction values for eigencables and eigenbars, respectively, that correspond to non-trivial components of k R . It is worth observing that, since Criterion 1 and Eqs. (23), assigning a pre-stress state for T corresponds to assign an eigenreactions set R with x h > 0 for any h 2 f1; . . . ; i u g. Once R (or equivalently k R ) is assigned, the set of dependent reactions in the equilibrium problem of T can be straight determined as follows. Consider the auxiliary ideal bilateral truss model T o obtained from T by removing a set C of eigencables and a set B of eigenbars. Let T o be acted upon by a structure force vector f o constructed as
Therefore, dependent reactions in the equilibrium problem of T correspond to reactions k o in the equilibrium problem for 
It is worth pointing out that existence and uniqueness of solution for problem (30) are respectively ensured by prescribing condition (22) and by the pre-stressability property of T .
Examples
In order to highlight effectiveness of algebraic results and proposed criteria, some exemplary structures are addressed. Structures are chosen to be simple for immediately revealing soundness of proposed operative procedures.
Firstly, addressing the three-dimensional space (n ¼ 3) with ðO; i; j; kÞ being the Cartesian frame, the kinematic-static duality result of Theorem 3.1 is shown by introducing structures T 3D 1 and T 3D 2 (see Fig. 2 ), both with n p ¼ 5 and nodal positions defined as
The structures are constrained with n e ¼ 12 external constraints that prevent any displacement component of nodes from 2 to 5, and comprise a bar (n b ¼ 1) with b 1 ¼ Àk and I b ¼ fð1; 3; 1Þg, and three (for T 3D 1 ) or two (for T 3D 2 ) cables:
; I u ¼ fð1; 2; 1Þ; ð1; 4; 2Þ; ð1; 5; 3Þg; Ga 6 0 ()
and it is immediate to verify that (as stated by Theorem 3.1) 9 = a s:t: Ga 6 0 with Ga -0; and 9 k u > 0 s:t: 
and it is immediate to verify that (in agreement with Theorem 3.1) 9 a s:t: Ga 6 0 with Ga -0; and 9 = k u > 0 s:t:
with a ¼ ðÀ1; À1Þ t as a possible choice, resulting in
Referring to the two-dimensional space (n ¼ 2), rigidity and pre-stressability are investigated on structures T j (with j 2 f1; 2; 3; 4g) in Fig. 3 . Addressing T 1 (that coincides with the structure in Fig. 1 ) and following the computations at the end of Furthermore, similar simple computations show that the null part of the pre-stressability operator S for all the other structures T j is a one-dimensional sub-space, resulting in kerðSÞ ¼ Spanfs j g where
Accordingly, from Definition 3.2 and Criterion 1, T 1 ; T 3 and T 4 are pre-stressable structures. The non-prestressability of T 2 proves that it is not rigid. Moreover, by constructing C as in Eq. (10), linear algebra shows that ' ¼ ' r ¼ 0 for both T 1 and T 4 , and since Criterion 1, they are rigid. On the other hand, T 3 is non-rigid because
Addressing structures in Fig. 3 that are pre-stressable, vector s j represents a possible choice for the pre-stress state. Moreover, for all these structures, it resultsĩ ¼ 0 (and thereby B ¼ £) and i u ¼ 1, with C ¼ fð1; 2; 1Þg as a possible choice. Considering such a choice for C and addressing for instance T 1 , it results:
Thereby, by applying Eq. (30), it is immediate to prove that the selfequilibrated reactions in T j can be expressed as functions of the scalar parameter x 1 > 0, representing the reaction value in cable 1, and result in
T j with j 2 f1; 3; 4g :
Finally, the effectiveness of dealing with the static indeterminacy in tensegrity structures through the proposed approach is highlighted referring to the two-dimensional rigid structure in Fig. 4 , where more than one static indeterminacy occurs. In this case, the analysis of the auxiliary structureT and of the pre-stressability operator S immediately reveal thatĩ ¼ 1 and i u ¼ 2. A possible choice for eigenbars and eigencables is B ¼ fð6; 8; 4Þg; C ¼ fð9; 10; 3Þ; ð1; 2; 5Þg and the auxiliary structure T o acted upon by the corresponding structure force vector f o (with f ¼ 0, see Eq. (27)), useful for calculating reactions in T , is also shown in Fig. 4 . It is worth pointing out Fig. 3 . Assessment of rigidity and pre-stressability. Exemplary two-dimensional tensegrity models. Notation rules introduced in Fig. 1 apply. that, if the analysis is carried out directly on the fully-bilateral model T , the total static indeterminacy of the tensegrity T would be correctly calculated as equal to ı ¼ 3. Moreover, in this case, the reaction k b 11 of the 11th-bar, for instance, could be chosen as an independent parameter. Nevertheless, it immediately appears that for ensuring traction in cables 4-7, reaction k b 11 has to be negative. Thereby, k b 11 cannot be considered as a pure bilateral independent parameter, but its value is restricted by unilateral static prescriptions in cables. On the other hand, referring to the proposed approach, k b 11 cannot be chosen as an eigenreaction because it is not an independent parameter inT . Therefore, if static indeterminacy is faced by introducing eigenreactions in agreement with Eq. (23) and Definitions 3.3 and 3.4, then all the cables' unilateral restrictions are a-priori satisfied, avoiding any a-posteriori verification.
Structural response and stability
In designing smart structures based on tensegrity rationale, stability and structural response are main features to be analyzed. These depend on the structure tangent stiffness matrix K, that is singular due to rigid-body motions (i.e., u t Ku ¼ 0 for any rigidbody motion u). Thereby, a condensed tangent stiffness matrix K C can be conveniently introduced by ruling-out rigid-body motions. Nevertheless, in practical applications where high stiffness differences in structural members occur, K C can result ill-conditioned, and therefore not suitable for accurate analyses. As a matter of fact, introducing condðAÞ as the 2-norm condition number of matrix A, it results condðK C Þ % q j with q j the ratio of the highest to the smallest member stiffness.
In order to overcome this drawback when structural response and stability assessment are addressed, in what follows it is shown that it is convenient to model the high-stiffness members as ideal constraints, resulting a restriction of the admissible kinematics for the structure model T .
Let a pre-stressable tensegrity model T be considered, occupying a reference equilibrium configuration with a strictly-positive traction state in each ideal unilateral member. Accordingly, in a neighborhood of the reference configuration, ideal unilateral constraints behave as bilateral and the corresponding kinematic restrictions reduce to linear equations in terms of nodal displacements (see Table 1 ). Moreover, consider a set of ' r fictitious ideal external constraints (collected in I þ e , with analogous notation as in Eq. (1)) that prevent the rigid-body degrees of freedom of T , and define I e ¼ I e [ I þ e . Under these assumptions, the admissible non-rigid-body kinematics for T is described by infinitesimal displacements u that satisfy the following homogeneous linear system the corresponding modal matrix. When an admissible kinematics is considered, the equilibrium is ensured by prescribing a suitable structure force vector f, resulting from
that is by considering the tensegrity direct tangent response. The latter is governed by the symmetric tangent stiffness matrix K, introduced as
where K ij 2 R nÂn (with i -j) depends on the tangent stiffness matrix of the structural member connecting i and j, and K jj 2 R nÂn on the one of structural members concurring in j. In order to provide a constructive approach for determining K, tangent stiffness matrices for single members are introduced in what follows. Addressing nonideal bilateral members identified by ði; j; kÞ 2Î b , the tangent stiffness matrix K b k results in (Guest, 2006) 
where material (the first term) and geometric (the second one) stiffness contributions are distinguished, with
where denotes the dyadic product. Material stiffness depends on the bar stiffness j b k along the member's reference axis, whereas the geometric stiffness depends on the bar reaction k b k and it accounts for member-axis reorientation.
Analogously, as regards non-ideal unilateral constraints identified by ði; j; hÞ 2Î u , the tangent stiffness matrix K u h is given by (36) and (37)) and a fictitious material one, defined as:
where the fictitious material compliance ! 0 þ allows to describe the ideal behavior.
Thereby, the stiffness sub-matrices K ij can be constructed by exploiting the structural incidence, and result in: 
Let the tangent stiffness matrix be decomposed as
where K collects terms K b;
k and K u;
h as in Eq. (39), and it can be also expressed (see Eq. (6) and Eq. (38)) as
Moreover, K T (not depending on ) collects the geometric terms of all members and the material ones of non-ideal members. For ! 0 þ ; kK k tends to infinity while kK T k is a finite number depending on the stiffnesses of non-ideal members and on internal reactions. Thereby, K T will be referred to as the finite tangent stiffness matrix for T . Incidentally, addressing an admissible non-rigid-body kinematics, it results
Þ. In other words, u 2 kerðK Þ kerðC Þ, and the significant part of the structure stiffness reduces to K T .
Since rigid-body motions have been ruled-out from kerðC Þ, stability notion in the sense discussed in Section 2 can be equivalently formulated as
It is worth observing that if all members are modeled as deformable (i.e., I
and a stable structure is characterized by u t K T u ¼ 0 for rigid-body motions only (Guest, 2006; Zhang and Ohsaki, 2007) . For a mixed-type tensegrity, T is still stable even if u t K T u 6 0 only for displacements u that are either rigid-body motions or not admissible for T (see examples in Section 4.1). As a consequence, K T may have non-positive eigenvalues, non-significant for the analysis of stability properties and for computing the inverse tangent response, that cannot be easily ruled out.
In order to overcome such a drawback, let the augmented stiffness K be defined as the following symmetric matrix
where j J is a stiffness measure of non-ideal structural members, and let
be symmetric projector operators respectively on kerðC Þ (that is, on the space of admissible non-rigid-body kinematics for T ) and on the orthogonal complement to kerðC Þ, such that PP ¼ P; JJ ¼ J, and Pu ¼ u 2 kerðC Þ for any u 2 R nÁnp . It is immediate to verify that
proving that the value of parameter j J does not affect the direct tangent response.
The form of K , given in Eq. (43), generalizes the one firstly introduced by the authors (Maceri et al., 2013) accounting also for geometric stiffness of ideal members.
By using the augmented stiffness matrix, stability property can be faced by the following theorem.
Theorem 4.1. Let a pre-stressable tensegrity model T be considered, characterized by an equilibrium configuration with a strictly-positive traction state in each ideal unilateral member. Tensegrity model T is stable if and only if the augmented stiffness K (see Eq. (43)) is positive-definite.
Proof. If T is stable then, for any u -0, two cases may occur:
for any non-rigid-body admissible u , that is T is stable. h Thereby, the positiveness of eigenvalues of K is a necessary and sufficient condition for stability.
It is worth remarking that the positive-definiteness assessment of K is affected only by eigenvalues of K associated to eigenvectors belonging to kerðC Þ. In fact, since Eqs. (43) and (44), eigenvectors w of K that do not belong to kerðC Þ (that is, such that Pw ¼ 0 and Jw ¼ w) are associated to eigenvalues equal to j J , then always positive. On the contrary, the sign of real eigenvalues l of K associated to eigenvectors v 2 kerðC Þ, with kvk ¼ 1, is not a-priori determined. As a matter of fact, an eigenvalue l has a clear physical meaning: it is proportional to the energy stored in T when structure displacement vector is the corresponding eigenvector v.
In fact,
As a result, if there exists l < 0 (resp., l ¼ 0), then T is endowed with an unstable (resp., neutral or zero-stiffness (Schenk et al., 2007) ) structure mode described by the corresponding eigenvector v 2 kerðC Þ. Therefore, for a stable structure T the
represents a stability measure, in the sense that the tensegrity is closer to an unstable state smaller is l Ã . If the tensegrity structure is stable, then K is invertible and the inverse response results from
because, from Eq. (33) and since
It is worth remarking that the value of parameter j J does not affect the inverse response. Accordingly, the augmented stiffness K allows to assess stability and to determine the inverse structure response via operative procedures, simple to be implemented and that do not require caseby-case pre-processing verification. Moreover, modeling high-stiffness structural members as ideal constraints and introducing the notion of augmented stiffness, then condðK Þ % 1 (see examples in Section 4.1).
Smart applications based on tensegrity structures may involve control and tuning of structural stiffness in agreement with prescribed optimality laws. In these cases, previous arguments immediately reveal that stiffness can be easily controlled by varying suitably values of eigenreactions with respect to an assigned set R. This can be technologically realized, for instance, by means of piezoelectric or shape-memory-alloys-based actuators. Referring to the case of an uniform eigenreactions scaling, the controlled eigenreactions set R can be expressed in terms of a pre-stress mul-
that is, as corresponding to a zero-rest length for at least one nonideal tensioned structural member. In fact, although some authors (Guest, 2011; Schenk et al., 2007) have recently considered the case of non-positive rest-lengths for structural members in special applications, values s P s cr can be generally considered as meaningless.
Examples
Stability properties and structural response of pre-stressable exemplary tensegrity structures in Fig. 3 (namely, T 1 ; T 3 , and T 4 ) and in Fig. 5 (namely, T 5 and T 6 ) are herein analyzed. If not differently specified, all non-ideal structural members are assumed to be characterized by the same stiffness value j, and it is chosen j J ¼ j.
For all the considered modelsĩ ¼ 0 and i u ¼ 1, and C ¼ fð1; 2; 1Þg can be chosen as an eigencables set. Moreover, x 1 =ðjHÞ ¼ 1 is assigned as reference eigenreaction (see Section 3.5), possibly scaled via the pre-stress multiplier s. It is worth pointing out that rigidity and pre-stressibility assessment of both T 5 and T 6 coincide with the ones of T 1 reported in Section 3.5.
Firstly, the advantage of introducing a mixed-type model is shown. In particular, address a real tensegrity structure T r with the geometry and the connectivity of T 5 , and where bar 1 and cables 3 and 4 are characterized by a stiffness equal to 10 3 j (where j is the stiffness of bar 2 and cables 1 and 2). Accordingly, considering all members as deformable (with K C as the condensed stiffness matrix) and the mixed-type model with I Moreover, models T 5 and T 6 are addressed in order to show that stable mixed-type tensegrities may imply that u t K T u 6 0 for some non-rigid-body motions u. Addressing s 2 R þ and considering u ð5Þ as a structure displacement vector for T 5 (resp., u ð6Þ for T 6 ) such that the non-null nodal displacement is u ð5Þ 3 only, orthogonal to b 1 (resp., u It is worth pointing out that both u ð5Þ and u ð6Þ represent non-rigidbody motions for T 5 and T 6 , respectively. Nevertheless, it cannot be concluded from previous relationships that the structures are not stable because the applied displacements violate ideal constraints, thereby resulting non-admissible. Indeed, following Theorem 4.1, both structures are stable because their augmented stiffness matrices are positive-definite with eigenvalues (assuming for instance s ¼ 0:1) equal to j (with multiplicity equal to 7) and to 2:5j (for T 5 ) and to 1:5j (for T 6 ).
Accordingly, the importance of introducing the augmented stiffness in the analysis of stability properties is clearly highlighted. In fact, when both ideal and non-ideal structural members are addressed, not only rigid-body motions must be excluded in the stability analysis in terms of the positive-definiteness of the quadratic form u t K T u but also non-admissible displacements. This is unfeasible operating directly on the tangent stiffness K T , but it is automatically prescribed by referring to K . The variability of stability properties with the pre-stress multiplier s is analyzed addressing T 1 ; T 3 , and T 4 . As highlighted in Fig. 6 , there exists a range of positive values of s ensuring that the quantity l Ã , defined in Eq. (46), is strictly positive for these structure. This entails that the augmented stiffness K is positivedefinite, and thereby T 1 ; T 3 and T 4 are stable. In particular, Fig. 6 shows that all the addressed structures are super-stable because they are stable for any positive value of s lower than the critical one s j cr , in the sense of Eq. (48), that is for any feasible pre-stress state.
Moreover, Fig. 6 sketches also, for different values of the prestress multiplier s, the structure mode associated to l Ã , that is the mode closest to a structural critical state. It can be observed that in the case of T 1 and T 4 the variation of s induces smooth variations in modal shape, whereas for T 3 a sharp modal transition occurs. A transition from the modal shape activating mainly the vertical displacement of node 4, to a shear-like modal shape is experienced. This is also highlighted by analyzing Fig. 7 , wherein the nodal displacement vectors (in terms of modulus q and slope h with respect to the horizontal direction i) are plotted versus the pre-stress multiplier. Such a transition is straight related to the different increasing rate of the two smallest eigenvalues of K , both monotonically increasing with s. As a results, when s % 0:06 these two eigenvalues change their role with respect to the definition of l Ã , and the structure mode more prone to instability changes. It can be also observed that for T 1 and for T 4 when s is equal to the critical value in the sense of Eq. (48), zero-stiffness mode is predicted in agreement with (Schenk et al., 2007) .
Large-displacement response of pre-stressable tensegrities
Following previous results, the non-linear large-displacement response of pre-stressable tensegrities is addressed by means of an incremental approach controlled by a force-based updating of the structure configuration.
Let a time-like variable s be introduced, such that s 2 ½0; t f , and let the time-like interval be discretized in v computational steps, so that s p (with p 2 f1; . . . ; v þ 1g; s 1 ¼ 0 and s vþ1 ¼ t f ) is the value of s at the beginning of the pth step. As a general notation rule, superscript p denote values of quantities at s p . Let T p ¼ T ðs p Þ be the reference tensegrity configuration at the pth step, and consider a quasi-static structure loading history fðsÞ, with f 1 ¼ fð0Þ ¼ 0. Moreover, let u p be the displacement vector associated to the incremental problem solved at s p , that is corresponding to the force increment ðf pþ1 À f p Þ, and let the time-like discretization be defined such that u p can be considered as infinitesimal for any incremental step.
It is worth pointing out that tensegrity model is assumed to be itself a function of s, because structural features (static and kinematic characterization, stability, network connectivity) can change during the loading history, due to the variation of members' orientation and lengths, as well as due to the possible activation (respectively, deactivation) of initially-slack (resp., initially-nonslack) cables. As a consequence, eigencables and eigenbars sets have to be intended themselves as functions of s.
In order to account for possible slack cables, let the set I S ðsÞ be introduced as I S ðsÞ ¼ ði; j; dÞ s:t: 9 slack cable d between nodes i and j; f with i < j and with
where L s d ðsÞ is the distance between nodes i and j, and c d is the assigned rest-length of the slack cable d.
Assume that the structure model at s ¼ 0 (that is, T 1 ) is prestressable, and let a pre-stress state be possibly assigned on T 1 .
Due to the considerations in Section 3.4, prescribing a pre-stress state for the structure is equivalent to assign at s ¼ 0 an eigenreac- (26)), and determine the rest-lengths c h and b k necessary to achieve R 1 . Compute dependent reactions on T 1 as in Eq. (30) by employing
The pth incremental step
Compute projector operators P p and J p from kerðC p Þ (see Eq. (44)), and the augmented stiffness matrix K p (see Eq. (43)).
Verify that the structure is stable in its actual configuration exploiting (27) and (30)).
It is worth observing that, in order to enhance computational accuracy with respect to the explicit Euler-type method previously introduced, the control of cables' slackening/tensioning process could be performed by considering an adaptive time-like step-sizing approach. The computation of the pth incremental step should be repeated until convergence by considering a smaller time-step than the previous iteration if there exists at least one cable h (respectively, d), tensioned (resp., slack) at the pth step, that satisfies ðL
, where þ and À are user-assigned tolerance parameters.
A perspective application: a displacement-controlled smart example
As a perspective application, consider a smart device based on the tensegrity concept and whose maximum displacements have to be either limited or controlled under an assigned loading process.
The non-linear large-displacement response of a tensegrity structure, defined on the basis of the exemplary model T 4 (see Fig. 3 ) with H ¼ 1 m, is investigated by means of the incremental approach previously introduced. Referring to Fig. 8 , the displacement control of the structure is realized by adding the cable element 5, connecting node 3 in T 4 to the new node 5. The cable 5 is assumed to be slack at s ¼ 0 and characterized by the unstressed length c 5 ¼ 6H=5. Accordingly, I 1 S ¼ I S ð0Þ ¼ fð3; 5; 5Þg (see Eq. (49)). Referring to the set of non-slack cables I u , it has been previously shown that the structure at s ¼ 0 is pre-stressable with k u ¼ x 1 s 4 (see Section 3.5) and x 1 ¼ 1 kN. The structure is assumed to be loaded by a nodal force vector f 3 ðsÞ acting upon node 3, with f 3 characterized by the constant direction f 3 =kf 3 k ¼ tan 
Conclusions
In the middle of the past century, tensegrity structures have attracted artists, architects, mathematicians and engineers. These structures share peculiar characteristics in terms of beauty, light- ness and stiffness. Moreover, tensegrities reveal fascinating mechanical properties that were recently exploited for a number of smart applications in many engineering fields ranging from aerospace to biomechanical contexts. A novel algebraic formulation for the analysis of kinematic and static properties of mixed-type tensegrities (namely, involving both deformable and non-deformable structural members) has been presented. Equilibrium and compatibility problems have been explicitly formulated accounting for cable-related unilateral constraints. Rigidity and pre-stressability concepts have been examined in a structural engineering context.
As a result, a novel proof of kinematic-static duality in tensegrities has been proposed by involving the equilibrium and compatibility algebraic restrictions enforced by unilateral structural members. Moreover, operative criteria have been traced for the verification of tensegrity kinematic and static properties and for the assessment of stability features without any special requirements in terms of structural symmetries or member connectivity. The proposed approach a-priori respects unilateral constraints and thereby can be easily applied as a design tool because it does not require any a-posteriori verification of results admissibility. Moreover, thanks to the introduction of the augmented stiffness matrix for mixed-type tensegrities, the proposed methods for the stability assessment and the determination of the tangent-inverse response do not require case-by-case pre-processing verification, resulting in operative algebraic procedures simple to be implemented. Accordingly, tensegrity structures with high differences in the stiffness of structural members can be dealt with, overcoming possible drawbacks related to the ill-conditioning of the stiffness matrix.
Large-displacement response of tensegrity systems has been also addressed by formulating an incremental computational algorithm accounting for geometric non-linearities induced by members reorientation, and for possible activation of slack cables and/ or for possible deactivation of tensioned cables during the loading process. Numerical applications have been discussed highlighting that proposed algebraic approach helps to effectively analyze tensegrity mechanics and to develop innovative design schemes of smart structures devoted to sensing, actuating and control applications.
